BRAIDS, TRANSVERSAL LINKS AND THE 
KHOVANOV-ROZANSKY THEORY 



HAO WU 

Abstract. We establish some inequalities about the Khovanov-Rozansky coho- 
mologies of braids. These give new upper bounds of the self-linking numbers of 
transversal links in standard contact 5*^ which is sharper than the well known bound 
given by the HOMFLY polynomial. We also introduce a sequence of transversal link 
invariants, and discuss some of their properties. 



1. Introduction 

In [3 IHl, M. Khovanov and L. Rozansky introduced two versions of Khovanov- 
Rozansky link cohomologies. Their construction is based on matrix factorizations 
associated to certain planar diagrams. The version in [Tj uses the potential x"^^, 
which lead to a Z © Z-graded cohomology theory Hn for each n > 2. The version in 
[H] uses the potential ax, which gives a Z © Z © Z-graded cohomology theory H. 

M. Khovanov and L. Rozansky showed that Hn is invariant under Reidemeister 
moves, and the isomorphism type of H is invariant under Markov moves of closed 
braids up to overall shifts of gradings. The graded Euler characteristics of Hn and H 
are variants of the HOMFLY polynomial. 

In this paper, we discuss some applications of these theories in contact topology, 
specifically the transversal knot theory. The sign convention of this paper is given in 
figure ^ which is opposite to that used in E] • 




+ 



Figure 1. Sign of a crossing 

First, we introduce a variant of H whose graded isomorphism type is invariant under 
Reidemeister moves. Let B he a closed braid with b strands and writhe w. Define 
H{B) to be H{B) with each of the two quantum gradings shifted by and the 
homological grading shifted by Then H{B) is ^Z © ^Z © ^Z-graded. From M. 

Khovanov and L. Rozansky's construction, it's clear that the gradings of H{B) are 
now invariant under all Markov moves. 
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Denote by if^'^ the space of homogeneous elements with grading (j, k) of H^, where 
j is the homological grading, and k is the quantum grading which comes from the 
exponents of the markings Xj. Denote by H^'^'\B) the space of homogeneous elements 
with grading (j, k, I) of H{B), where j is the cohomological grading, k is the quantum 
a-grading which comes from the exponents of the formal variable a, and / is the 
quantum x-grading which comes from the exponents of markings xi. 

For a link L, define 

5^)JL) = max{A; | W^\L) ^ for some j}, 

9^^n{L) = min{A; | W^\L) ^ for some j}, 
gmax{L) = max{A; | W'^^\L) ^ for some j, I}, 

9min 

(L) = min{A; | H^''^'''{L) ^ for some j, /}. 
These are numerical link invariants. We have: 

Theorem 1.1. If B is a closed braid with b strands and writhe w, then 

(1) ~~2~ ~ - 9max{B) < -y- - 1- 

// we further assume that the numbers of positive and negative crossings of B are c_|_ 
and C- , respectively, then 

(2) (n - 1)(^ - 6) - 2c_ < g^±{B) < gt^B) <{n-l){w + b)+ 2c+, 

Definition 1.2. The braid number b{L) of a link L is the minimal number of strands 
necessary to represent L as a braid. 

Corollary 1.3. For a link L, 

9raax 9min 

b{L) > ilimsup^^2i^^^^^^S^. 
2 n — ^oo ^ 1 

Proof. □ 

Theorem 1.4. If L is a transversal link in the standard contact 3-sphere, then 

sl{L) < 2gmin{L), 

UT\ ^ T gmax{L) 

sl{L) < — hmsup — , 

n— >oo ri i 

where "si" is the self-linking number, and L is the mirror image of L. 

Therefore, if K is a Legendrian knot in the standard contact S-sphere, then 

tb{K) + \r{K)\<2gmin{K), 

tb{K) + \r{K)\ < -limsup ^^°"^f\ 
where "tb" is the Thurston-Bennequin number, and "r" is the rotation number. 
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Proof. By |2j, any transversal knot is transversally isotopic to a transversal braid, and 
the self-linking number sl{B) of a transversal braid B with b strands is equal to w — b, 
where w is the writhe of B. So Theorem 11.11 implies the first part of the theorem. The 
second part follows from the first part by a push-off argument given in |2j . □ 

In TT^, O. Plamenevskaya constructed an invariant ip of transversal links in standard 
contact using the original Khovanov homology 7i defined in |6j. We generalize her 
construction, and, for each n > 2, define an invariant V'n of transversal links in standard 
contact using Hn- 

Theorem 1.5. Let L be a transversal link in the standard contact S^. For each 
n > 2, we can associate to L an element ipniL) of Hn{L) of cohomological degree 
and quantum degree — (n — l)sl{L). ipniL) is invariant under transversal isotopy of L 
up to multiplication by a non-zero scalar. 

When n = 2, ip2iL) is identified with ip{L) under the isomorphism 

H2(L)^n{L) ®zQ. 

Comparing Theorems II. 41 and ll.5( it's easy to see that the sequence {V'n} sometimes 
detects the maximal self-linking number. Specially, we can generalize Plamenevskaya's 
computation about quasi-positive braids, and get a stronger conclusion. 

Corollary 1.6. If L is a transversal link in the standard contact with ipn{L) ^ 
for infinitely many n, then 

SL{L) = sl{L) = -limsup^^^, 

where SL{L) is the maximal self-linking number of all transversal links smoothly iso- 
topic to L. 

Specially, if a transversal link L is transverse isotopic to a quasi-positive transversal 
braid, then ipniL) 7^ 0, V n > 2, and, thus, the above equation is true. 

Proof. The first part of the corollary is clear from Theorems 11.41 and 11.51 The second 
part will be proved in Proposition 14.51 □ 

A transversal knot invariant is said to be non-classical if it is not determined by the 
smooth knot type and the self-linking number. There are still no known examples of 
efficient non-classical transversal knot invariants. 

Conjecture 1.7. The sequence {V"™} is a non-classical transversal knot invariant. 

The rest of this paper is organized as following: In Section [21 we briefiy review the 
definitions of the Khovanov-Rozansky cohomologies and compare the graded Euler 
characteristics of these cohomologies with the HOMFLY polynomial, which explains 
why Theorems 11.11 ITTIl and Cor ollarv 11.31 implv the corresponding results by J. Franks, 
R. Williams and H. Morton in j^lHj, including the upper bound of the self-linking num- 
ber from the HOMFLY polynomial. In Section we study the Khovanov-Rozansky 
cohomologies of closed braids, and prove Theorem ll.il In Sectional we construct the 
invariants il^n, and study some of their properties. 
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2. Khovanov-Rozansky Theory 

2.1. Matrix factorizations. Let R = Q[ti, ■ ■ ■ ,tm\ be a polynomial ring. A matrix 
factorization M over R with potential w e Ris a collection of two i?-modules M°, 
and two module homomorphisms dP : M^, d} : — ^ M°, called differential 
maps, s.t., 

d}(f = w ■ idjvfo, cf'd^ = w ■ idjvfi. 
We usually write such a matrix factorization M as 

MO ^ Ml ^ M". 
For a,b & R, denote by (a, 6)r the matrix factorization 

R^ R^ R, 

where a, b act on R by multiplication. This matrix factorization has potential ab. 
When the polynomial ring R is clear from context, we drop it from the notation, and 
only write (o, b). 
Denote by 

/ ai bi ^ 
\ak bk ) 

the tensor product of (ai,6i)ij, (02, 62)^, • • • , {ak,bk)ii, where the differential maps 
are given by the (signed) Leibniz rule. Its potential is 

w = aibi + 0262 H 1- CLkh- 

Again, when R is clear from context, we drop it from the notation. 

2.2. Grading shifts. Suppose M is a Z-graded module over a Z-graded ring, and 
m € Z. Define M{m} to be M with grading shifted by m, i.e., an element x of M{m} 
is homogeneous of degree i + m if and only if it's a homogeneous element of M of 
degree i. Similarly, suppose M is a Z Z-graded module over a Z © Z-graded ring, 
and m,l Z. Define M{rn, 1} to be M with grading shifted by (m, I), i.e., an clement 
X of M{m, 1} is homogeneous of bi-degree {i+m,j + l) if and only if it's a homogeneous 
element of M of degree 

2.3. Planar diagrams. To construct the Khovanov-Rozansky cohomology theories, 
one considers the planar diagrams T with the following properties: 

(1) r consists of two types of edges: regular edges and wide edges. These edges 
intersect only at their endpoints. 

(2) Regular edges are disjoint from each other. Wide edges are disjoint from each 
other. 

(3) Each regular edge is oriented, and contains at least one marked point. Open 
endpoints of regular edges are marked. 

(4) Each wide edge has exactly two regular edges entering at one endpoint, and 
exactly two regular edges exiting from the other endpoint. 
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See Figures El IHl ^1 below for examples of such diagrams. 

2.4. Matrix factorization associated to a planar diagram. Let F be a planar di- 
agram satisfying the conditions in subsection [231 and {xi, • • • , Xp} the set of markings 
on F. Let R' = Q[xi, • • • , Xp] be the Z-graded polynomial ring so that degXj = 2, V i. 
Let R = Q[a,xi, ■ ■ ■ ,Xp] be the Z © Z-graded polynomial ring so that dega = (2,0) 
and degXi = (0,2), V i. 

X j Xi 

Figure 2. L* 

For an oriented (regular) arc L*- in F from the point marked by Xj to the point 
marked by Xi that has no marked interior points, let Cn{L^j) be the matrix factorization 
{TTij,Xi - Xj)ji, given by 

R' ^ R'{i _ n} R', 

where tt^j = x^ + x'^~^Xj + • ■ ■ + XiX^~^ + x". The purpose of the grading shift here is 
to make Cn{L^j) graded in the sense that both iTij and homogeneous maps 

of degree n + 1. 

Also, let C{Uj) be the matrix factorization (a, Xj — Xj)R given by 

R ^ R{-l,l} R, 

where the grading shift makes it bi-graded in the sense that a and X i X j cirG both 
homogeneous maps of bi-degree (1,1). 




Figure 3. Wide edge E 

For a wide edge E, let Xj, Xj, Xk, xi be the closest markings to E as depicted in 
Figure El (It is possible that ) Let g be the unique two-variable 

polynomial such that g{x + y, xy) = x""*"^ -|- y""*"^, and 

g{Xi -\- Xj, XjXj) g{Xk ~\~ X;, XiXj) 

'T 1 

Xi -\- Xj X]^ X/ 

ff(xfc + xuXjXj) - g{xk + xi,XkXi) 

XiXj X^Xl 

Note that ui and U2 are homogeneous polynomials in Xj, xj, Xk and xi of degrees 2n 
and 2n — 2, respectively. 



Ml = Ml(Xi,Xj,Xfc,X/) = 
Ml = Ml(Xi,Xj,Xfc,X/) = 
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Define Cn{E) to be the matrix factorization 



which is the tensor product of the matrix factorizations 
B!{-l} ^ R'{-n} 

and 

Again, the grading shifts here make Cn{E) graded in the sense that both differential 
maps are homogeneous maps of degree n + 1. 
Also define C{E) to be the matrix factorization 

Xi ~\~ Xj X/j Xl 
XiXj Xj^Xl J 

which is the tensor product of the matrix factorizations 



and 



Again, the grading shifts here make C{E) bi-graded in the sense that both differential 
maps are homogeneous maps of degree (1, 1). 
Finally, we define that 

Cn{T) = ((g)C„(L;)) (g) {0Cn{E)), 

and 



L^. E 



c(r) = ((g)c(L})) (g)((g)c(E)). 



where Lj runs through all the (regular) oriented arcs starting and ending at marked 
points with no marked interior points, and E runs through all wide edges. 

If r is closed, i.e., has no open end points, then C„(r) and C(T) arc graded cyclic 
chain complexes. We denote by Hn{T) and H(T) their cohomologies. These coho- 
mologies inherit the gradings of C„(r) and C{T). Note that the Z2-grading from the 
cyclic complex structure is trivial since all the non-vanish cohomology concentrate on 
one of the two degrees. The cohomologies Hn{T) and H(T) do not depend on the 
choice of marked points. 

If r has open end points, let , ■ ■ ■ , Xi^ be the markings of these open end points. 
Then Cn{T) is a matrix factorization of potential Ylt=i^^7^^^ ^^'^ ^i^) ^ 
torization of potential Ylr=i ^'^^ir ' where the sign is " +" if the corresponding open 
end point is an exit, and is "— " if otherwise. Let I' and / be the ideals generated 
by {xi^,--- , XiJ in R' and R, respectively. Then C„(r)//'C„(r) and C(r)//C(r) 
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are graded cyclic chain complex. Again, we denote by Hn{T) and H{T) their coho- 
mologies, which have the gradings inherited from Cn(r) and C{T). As before, the 
cohomologies HniT) and H(r) do not depend on the choice of marked points. 




Figure 4. To and r 



1 



2.5. Khovanov-Rozansky cohomologies of a knot. Let Tq and Fi be the two 

planar diagrams depicted in Figure ID Then the matrix factorization Cn(Fo) is 



Explicitly, this is 

R' 

R'{2 - 2n} 



R'{1 - n} 
R'{1 - n} 



Pi 



(n) 



R' 

R'{2 - 2n} 



(n) 



where 

pin) ^ f '^ik Xj - Xi 
\^ -Kji -Xi + Xk 

The matrix factorization C„(Fi) is 

Ui ]^ OC 2 I j k ^ I 



U2 XiXj - XkXl 



Xi X/j. Xj Xi 



{-I}- 



R' 



Explicitly, this is 



R'{-1} 
R'{3 - 2n] 



4"' 



R'{-n} 
R'{2 - n} 



R'{-1} 
i?'{3 - 2n} 



where 



„(n) ^ / Ui XiXj - XkXl \ „(n) 

° ^ U2 -Xi - Xj + Xk + Xl ' ' 1 

in) . 



Xi -\- Xj Xk Xl XiXj XkXl 
U2 -Ui 



Define Xq ■ C'n(Fo) C„(Fi) by the matrices 



in) _ ( Xk-Xj 







ai 



1 



U- 



(n) 



and Xi"^ : Cn(J^i) C„(Fo) by the matrices 



Vr 



in) 



in) 



Xf^ Xj 

-1 1 



1 Xa 



•^3 
1 Xk 



1 

where ai = —U2 + {ui + XiU2 — TTji)/{xi — Xk)- These are homomorphisms of matrix 
factorizations of degree 1, i.e., these commute with the differential maps and raise the 
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quantum grading by 1. So Xq"'' and induce homomorphisms of cohomologies. One 
can check that 

Xi Xo - {^k- Xj)idc„(To)^ Xo Xi - [Xk - Xj)idc^(ri)- 

There is a similar construction for C{To) and C{Ti). Explicitly, the matrix factor- 
ization C(ro) is 



where 



R 




- R{- 


-1,1} ■ 




R 


R{-2,2} 




R{- 


-1,1} . 




R{-2,2} 



a Xj — xi 

(X I J 

and the matrix factorization CiVi) is 



Pi 



Xi Xf^ Xj Xi 

a —a 



R 




- R{- 


-1,1}" 




R 


R{-2A} . 




_R{- 


-1,3} . 




R{-2A} . 



where 

Qo = 1 n ™ I , ^ , ™ ) , VI 
Define xo '■ C{To) C'(ri) by the matrices 



Qj X^Xj X]^Xl I ^ 

-Xi - Xj + Xk + ' ' ^ 



Xj X]^ Xi XiXj X]^Xi 

-a 



Xj^ Xj 

-1 1 



(n) 



1 X-i 



and xi : C(ri) — > C^Tq) by the matrices 

Xk - Xj J ' 1 V ^ 

These are homomorphisms of matrix factorizations, and induce homomorphisms of 
cohomologies. One can check that xo and xi are of bi-degrees (0, 2) and (0, 0), respec- 
tively, and 

XiXo = {xk - Xj)idc{ro)^ XoXi = {xk - Xj)idc(ri)- 





X 



Figure 5. Resolutions of a crossing 
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Let D be an oriented link diagram. We put markings {xi, • ■ ■ , Xm} on D so that 
none of the crossings is marked, and each arc between two crossings has a marked 
point. For each crossing in there are two ways to resolve it as shown in Figm'eEl 
A resolution of is a planar diagram obtain from D by resolving all the crossings 
of D. Together with the markings inherited from Z?, each resolution of D is a planar 
diagram satisfying the conditions in Subsection 12.31 

For an arc L*- from Xj to Xi that contains no crossings and no other marked points, 
define Cn{L^j) as above, and consider it as the chain complex 




where Cn{L'j) has cohomological degree 0. 

For a positive crossing P+ in D, let Pq and Pi be the two diagrams depicted in 
Figure El Define Cn{P+) to be the chain complex 

(n) 

^ CniPi){n} ^ Cn{Po){n - 1} ^ 0, 

-1 

where C„(Po){^ ~ 1} has cohomological degree 0, and Cn{Pi){n} has cohomological 
degree —1. 

For a negative crossing P_ in D, define Cn{P+) to be the chain complex 

(n) 

^ Cn{Po){l - n} ^ Cn{Pi){-n} ^ 0, 

^ V ' V ' 

1 

where C„(Po){l ~ has cohomological degree 0, and C„(Pi){— n} has cohomological 
degree 1. 

Now define Cn{D) to be the chain complex 

Cn{D) = ((g)C„(L;.)) (g) ((g)C„(P)), 

P 

where L*- runs through all arcs in D starting and ending in marked points that contain 
no crossings and no other marked points, and P runs through all the crossings of D. 

Remark 2.1. (1) Disregarding the chain complex structure on Cn{D), we have 

Cn(I?) = 0a(r){pr}, 
r 

where F runs through all resolutions of D, p-p € Z. For a given F, all elements 
of Cri(r) have the same cohomological degree. 

(2) There are two differential maps on Cn{D). One comes from the matrix fac- 
torizations C„(r), which we denote by dmf- The other comes from the above 
construction, which we denote by d^. These two differentials commute. 

(3) Cn{D) is Z Z Z2-graded, where the first Z-grading is the cohomological 
grading, the second is inherited from Z-grading of Cn(r){pr}) and is called 
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the quantum grading, and the Z2-grading comes from the cychc chain complex 
structure of Cn(r). Note that preserves the quantum grading. 

induces a differential map on the cohomology H{Cn{D),dmf), which we still 
denote by dy.. Define Hn{D) to be the cohomology 

Hr,{D) = H{H{Cn{D),dmf),dy). 

Hn{D) inherits the Z © Z-gradings from Cn{D)- The induced Z2-grading on Hn{D) 
is trivial since all the non-zero elements concentrate on the degree equal to the Z2- 
number of components of the link represented by D. 

M. Khovanov and L. Rozansky proved in [7] that the Z©Z-graded isomorphism type 
of Hn[D) is invariant under Reidemeister moves, and, therefore, is a link invariant. 
They also showed that, up to multiplication by a non-zero scalar, the homomorphism 
of Hn induced by a link cobodism is independent of the movie representation. Specially 
this implies that the Hn theory gives bona fide homology groups, not just isomorphism 
classes. 

The homology H[D) is defined similarly. To L*-, P+ and P_, we assign the chain 
complexes 

C{L]) = [Q^C{L])^Ql 


C{P+) = [0 ^ C(Pi){0, -2} ^ C(Po){0, -2} ^ 0], 

^ V ' V ' 

1 

C{P_) = [0 ^ C(Po){0,2} ^ C(Pi) ^ 0], 

-1 

where the number below each term indicates its cohomological degree. Then define 

Cp) = ((g)C7(L;.)) (g)((g)C(P)), 

L^. P 

J 

where L* runs through all arcs in D starting and ending in marked points that contain 
no crossings and no other marked points, and P runs through all the crossings of D. 
Again, we have 

C{D) = ^C{T){0,qr}, 
r 

where F runs through all resolutions of D, qy (z Again, there are two differential 
maps: d^f from the matrix factorization structure, and d^ from the above chain 
complex construction. These commute with each other. And dy^ preserves the two 
quantum gradings. We define 

H{D)=H{H{C{D),drr,f),dy). 

H[D) inherits the Z © Z © Z-grading of C{D), i.e. the cohomological grading, the 
quantum a-grading and the quantum x-grading. M. Khovanov and L. Rozansky proved 
in that the Z © Z © Z-graded isomorphism type of H{D) is invariant under Markov 
moves of braids up to over all shift of grading. Thus, any two braid that represent the 
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same link have isomorphic iJ-invariant. Given a braid B with b strands and writhe 
w, define 

where [— ^^^] means shifting the homological grading by Prom the construction 

in |S], it's easy to see that the ^Z-graded isomorphism type of H{B) is 
honestly invariant under Markov moves of braids. 

2.6. Graded Euler characteristics. We normalize the HOMFLY polynomial P by 
the skein relation 

f xP(L„)-x-ip(L+) =yP(Lo), 
1 P(unknot) = 

where the diagrams of L+, L_ and Lq are identical except at one crossing, where they 
look like P+, P_ and Pq in Figure |S1 respectively. 

For a link L, consider the graded Euler characteristic 

F„(L)=^(-iyt'=dimF^''=(L). 

3,k 

From we know that Fn is characterized by the following skein relation: 

- t-^Fn{L+) = {t- t-^)Fn{Lo), 



F„ (unknot) - . 
So 

Fn{L){t) = P{L){r,t-t-'). 
Next, consider the graded Euler characteristic 

F{L) = ^{-l)H^qU\uiW'^\L). 

From |H], we know that F is characterized by the following skein relation: 

r -q~\-tq)hF{L^) + q{-tqy-2 F{L+) = (q - q-^)F{Lo), 

\ F(unknot) = -^^^^ip2i. 

where -L_|_, L_ and Lq are represented by braid diagrams that identical except at one 
crossing, where they look like P+, P- and Pq in Figure El respectively. 
Change the variables by 

X = —q~^i—tq)2 
y = q-q-^ 

Then, in these new variables, we have 

xF{L.)-x-^F{L+) = yF{Lo), 
F(unknot) = —x^^y^^. 

Compare these normalizations with those used in [^[H]. It's clear that Theorem ll.il 
and Corollary 11.31 imply the corresponding results in [U |2j . Specially, the two upper 



12 



HAO WU 



bounds of the self-linking number in Theorem 11.41 are sharper than the bound given 
by the HOMFLY polynomial, which is implicitly proven in (c.f. [HIE])- 

3. Resolved Braids 

For positive integers b, i with 1 < i < 6 — 1, let Tj be the diagram depicted in Figure 
El That is, from left to right, Tj consists of i — 1 upward vertical regular edges, then a 
vertical wide edge with two regular edges entering through the bottom and two regular 
edges exiting through the top, and then b — i — 1 more upward vertical regular edges. 

XII 

i i + 1 i + 2 b 

Figure 6. n 

We use the word Ti^ - ■ ■ Ti^ to represent the planar graph formed by stacking the 
graphs Tj^ , • • • , Tj^ together vertically from bottom to top with the top end points of 
Tjj identified with the corresponding bottom end points of ri,^^ . The symbol r^^ • • • r^^ 
represents the closed graph obtained from r^j • • • r^^ by attaching a disjoint regular 
edge from each end point on the top to the corresponding end point at the bottom. 
We use the convention that the empty word (j) represents b vertical upward regular 
edges, and, therefore, (f) represents b concentric circles. We call r^^ • ■ • r^^ a resolved 
braid, and r,^ • • • r^^ a resolved closed braid. See Figuredfor examples of such graphs. 
There are two obvious types of isotopies: 

(I) If \i — j\ > 1, then TiTj is isotopic to TjTf, 

(II) If /i and are two words in ti, • • • , Tb_i, then fiv is isotopic to z^^u. 
We prove inequality in Theorem 11.11 first. 

For a word in ti, Tb_i, consider the Z © Z-graded cohomology H{^) = 
H{C{iJ.),dmf )- Denote by H^'\ij) the subspace of H{ii) consisting of homogeneous 
elements of Z © Z grading {k,l), where k is the quantum a-grading, and / is the 
quantum x-grading. Define 

gmaxil^) = niax{k I H^''-{i£) / for some /}, 

gmin{[£) = m.m{k \ / for some /}. 

In order to calculate H{n), we need put marks on regular edges of ^. But, as long 
as there is at least one mark on each regular edge, the result is independent of the 
choice of the marks. 

Lemma 3.1. For the empty word (p (with b strands), we have gmax{(f>) = — 1 and 
9min{f) = -b. 

Proof, (p represents b concentric circles. We order the circles, and put the marking Xi 
on the i-th circle. The cyclic Koszul complex C{cp) is given over R = Q[a,xi, ■ ■ ■ ,Xh] 
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T3T2T1 



T3T2T1 



Figure 7. T3T2T1 and T3T2T1 for 6 = 4. 



by 



/ a \ 



\a 0/ 

where there are b rows. After b — 1 elementary transformations of rows(c.f. subsection 
2.1 of [H]), we see that it is isomorphic to 

/ a \ 




\0 0/ 

which is isomorphic to the chain complex 

C®qL>®(''-i) ^qQ[xi,--- ,Xb] 
where C is the chain complex 

O^Q[a] AQ[a]{-l,l}^0, 

and D is the chain complex 







Q{-1,1}^0. 
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Then, by the Kiinneth Theorem and the Universal Coefficient Theorem, it's easy to 
check that 

= H{C) ®Q H{D®^^-^^) q[xi, ■■■ ,Xb] 

= Q{-1, 1} Z)®^'-!) ®Q Q[xi, ■■■ ,Xb]. 

From the definition of D, one can see that the maximal and minimal quantum a- 
gradings of the right hand side are —1 and —b. This proves the lemma. □ 

Lemma 3.2. If fi = Ti^^ ■ ■ ■ is a word in ti, ■ ■ ■ , t^-i with ip < i for 1 < p < m, 

and fi' = fiTi, then gmax{[^ = arnax{[j[), and gmin{l£) = gmin{[J^)- 

Proof. The only difference between /i and n' occurs in the part depicted in Figure |H1 



E El 
Figure 8. and // 

The local matrix factorization of the part of /x in Figure |H1 is 

a xi — X4, 
a 

After an elementary transformation, it becomes 

a xi — X4, 


Write R = Q[a,xi,X2,Xi\. Explicitly, this matrix factorization is 

R e R{-2, 2} ^ 1} e R{-i, 1} ^ i? e i?{-2, 2}, 

where 








and d 



a 

—xi + X4 

The local matrix factorization of the part of fi' in Figure |H1 is 



xi — X4 
-a 



a xi — X4 


Explicitly, this matrix factorization is 

Re R{-2,A} ^ R{-1,1} @ R{-1,3} ^ R(B R{-2,4.}, 

where 

= f " " ] and d' 



a 

—xi + X4 



xi — X4 
-a 
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Let / be the map between the two matrix factorizations given by 
1 



1 



: R e R{-2, 2} ^ Re R{-2, 4}, 



and 



1 
1 



: i?{-i,i}eii{-i,i} ^i?{-i,i}ei?{-i,3}. 



It's clear that / is an isomorphism of matrix factorizations that preserves the quantum 
a-grading (but not the x-grading). After tensoring / with the identity maps of other 
local matrix factorizations of fx (and /i'), we get an isomorphism between these matrix 
factorizations that preserves the a-grading. This proves the lemma. □ 

Lemma 3.3. If is a word in ti, ■ ■ ■ , Tfj_i, n = vti and fi' = fTiTi, then Qmaxifi) = 

9max (/^) ) and grain {[£) — 9min (/^) • 

Proof. (Follow Proposition 30 of [7].) The only difference between fi and fi' occurs in 
the part depicted in Figure IHl 





Figure 9. and /i' 



Write R = Q[a, xi, ■ ■ ■ ,xq]. Let si = x^+xq, S2 = x^xq, and R = Q[a, xi,X2,X3, X4, si, S2] 
Then R = R® R{0,2}. 

The local matrix factorization M' of the part of /x' in Figure El is 

fa xi + X2 - si \ 

X1X2 - S2 

a si — X3 — X4 
V S2- X3X4 J ^ 

Let M' be the matrix factorization over R given by the same sequence. Then 
M' = M' © M'{0, 2}. After elementary transformations, M' is isomorphic to 

fa xi + X2 - X3 - X4 \ 
X1X2 — X3X4 
si — X3 — X4 

V S2- X3X4 / ^ 



We then exclude the variables si, S2 and remove the last two rows from the above 
sequence. This does not change chain homotopy type of the matrix factorization 
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(c.f. Proposition 3 of [H]). The result of this operation is a matrix factorization over 
Q[a, xi, X2, X3, xa] given by the sequence 

a xi + X2 — X3 — X4 
X1X2 — X3X4 

which is exactly the local matrix factorization of the part of fi depicted in Figure 1^1 
This implies that = -fr(/i) H{fi){0, 2}. And the lemma follows. □ 

Lemma 3.4. If 1^ is a word in ti, ■ ■ ■ , Tb-i, /xi = z^rj_iTjTj_i, ^2 = '^'Ti, = 
(/X3) < max{c/ 

max (mi) ) 9max (M2)} I 9min (Ms) > min{5t™„(^i) 

) drain 

Proof. Let ^4 = z^Tj_i. The only difference between ^1, ;U2, Ms and /X4 occurs in the 
part depicted in Figure 




X 




X 



M2 Ms 

Figure 10. ^ui, /i2, Ms ^"^^ M4 

By Proposition 7 of 'S', 

H{^Ml) e H{^l2){^, 2} = ii'(/i3) e /^Mjo, 2}. 

This implies the lemma. 



M4 



□ 



Lemma 3.5. Let ^ = Ti^ - ■ ■ r^^ 6e a word in ti, ■ ■ ■ , t^^i, such that m > 2, ii = 
im = i, and ip < i for 1 < p < m. Then, after possibly finitely many steps of isotopies 
of type (I), there is a sub-word of n of the form tjTj or TjTj-iTj for some j < i. 

Proof. We induct on the length m of the word /i. When m = 2, the lemma is trivially 
true. Assume that the lemma is true for words with the given properties and length 
= 2, • ■ ■ , m — 1. Now consider n = Ti-^ ■ ■ ■ Ti^. If there is none or only one Tj-i among 
''"«2' ■ ■ ■ ' "^im-D then the lemma is true for with j = i. If there are more than one 
Tj_i's among Tjj, ■ • • , Ti^_^, then there is a sub-word i/ = r^^ • • • Tj^ of /x with 2 < I < m, 
ji = ji = i — 1, and jq < i — 1 for 1 < q < I. Thus, by induction, the lemma is true 
for /u. □ 

Proposition 3.6. If fi is a word in ti, ■ ■ ■ , Tb-i, then —b < 5mm(M) ^ 5max(M) ^ ~1- 

Proof. For a word fi = Ti^ - ■ ■ Ti^, define the weight W{iJ,) of n to be 

m 

p=i 
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We prove the proposition by induction on the weight of a word. If W{fi) = 0, then 
/i is the empty word (j), and Lemma l3 . 1 1 imphes the proposition. Now assume that the 
proposition is true for all words with weight < W, and ^ = ti^ - ■ ■ is a word with 
weight W. Let i = maxjii, • • • ,im}- If i appears only once among zi, • • • ,im, then, 
after a possible type (II) isotopy, Lemma 13.21 implies that the proposition is true for 
/i. If i appears at least twice among ii, • • • ,im, then, after possible type (I) and type 
(II) isotopies, Lemmas 13.31 13.41 and 13.51 imply that the proposition is true for /i. □ 

Proof of inequality in Theorem \l.l\ For a braid B with h strands, consider the 
Khovanov-Rozansky cohomology H{B), and let 

gmax{B) = max{A; | W^'''\L) ^ for some j, /}, 

9min{B) = Ta\n{k \ W^'^^L) ^ for some j, /}. 



Note that 
and 



H{B) = H{H{C{B),dmj),d^), 
H{C{B),dmf) = ®H{T){^,qT}, 



r 

where F runs through all resolutions of and gr G ^- Thus, by Proposition 13.61 we 
have -h < gmin{B) < gmax{B) < -1. But H{B) = H{B){^, -±^}[-H±b]. So 

9maxi,B^ — ()max{B^ + 



9min (B) — 9min iB) + 



2 

w + b 



2 

And inequality follows. □ 
The proof of inequality in Theorem II. II is similar. 

For a word /x in ti, • • • , Th_i, consider the Z-graded cohomology Hn{fJ-) = Hn{C{fi), d^f) 
Denote by H^{^) the subspace of Hn{^) consisting of homogeneous elements of quan- 
tum grading k. Define 

= max{A; | F^(^) / 0}, 

il(M) = min{A. I F^(/i) / 0}. 
We have following conclusions similar to Lemmas 13.11 13.21 13.31 and 13.41 

Lemma 3.7. (1) Let (p he the empty word (with b strands). Then 

gl^Lif) = {n- 1)6, and ^1(0) = -{n - 1)5. 

(2) // /i = Tj^ • • • Tj^ is a word in ti, ■ ■ ■ , Tf,_i with ip < i for 1 < p < m, and 
jj! = fiTi, then 

9^±{lL) = atliti) - 1, and it(^) = il(/f) + 1. 

(3) If V is a word in ti, ■ ■ ■ , T5_i, fj, = UTi and n' = VTiTi, then 

9mL{lL) = 9mL{[i) + 1, and fi-Jnil/i) = aminit) " 1- 
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(4) If u is a word inn, ■■■ , U-i, /^i = t^Tj-iTjTj.i, fi2 = un, and fis = vTiTi^in 
then 



9i^L (/f3 ) < max{5f)^4 (/ii ) , (/^) } , and g^^^ ) > min{5f^ •„ (^) , 5^ (/^) } . 

Proof. (1) We mark the i-th strand by a single variable Xi of degree 2, for i = 1, • • • ,6. 
A straightforward computation shows that 

iJ„(0) = (g)Q ^2 ®Q • • • ®Q_ ^b, 

where Ai = [Q[xi\/{xf)]{—n + 1}. The first part of the lemma follows from this. 

(2) Note that the (i + l)-th strand in /i is a circle. We mark it by a single variable 
X of degree 2. Denote by // the closed resolved braid obtained from by removing the 
(i + l)-th strand. Then 

n-l 

Hnifl) = Hnifl) <»Q >i = Hn{fl){-n + 1 + 2i} , 

1=0 

where A = [Q[x]/(x")]{— n + 1}. But, from Proposition 29 of [7], we know that 

Hnill) = HnittK-n + 2 + 2i}. 

i=0 

Compare these two decompositions. And the second part of the lemma follows. 

(3) By Proposition 30 of [7j, we have 

Hnill) = Hnium e F„(^){-1}, 

which implies the third part of the lemma. 

(4) By Proposition 32 of [7], we have 

where = VTi^i. And the last part of the lemma follows. □ 

Similar to the proof of Proposition 13.61 we can induct on the weight of a resolved 
braid using Lemmas 13.51 13.71 and prove: 



Proposition 3.8. // = Tj^ • • • r^^ is a word in ti, ■ ■ ■ , rb_i, then 

-{n - 1)6 - m < (/i) < g^r^iLit) <{n- 1)6 + m. 

Proof. □ 

Proof of inequality in Theorem \l.l\ Let i? be a braid with 6 strands c+ positive 
crossings, c_ negative crossings, and writhe w = c+ — c_. Note that 

Hn{B) = H{H{Cn{B),d^f),d^), 

and 

H{Cn{B),drr,f) = 0i/„(r){pr}, 
r 

where F runs through all resolutions of -B, and pr G ^- Let F be any resolution of B. 
From the construction of CniB), it's clear that 

pr = {n- l)w + cr,+ - cr -, 
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where cr,+ (resp. cr,-) is the number of wide edges in T from positive (resp. negative) 
crossings in B. Let g be the quantum degree of a non- vanishing homogeneous element 
of Hn{T){pr}. Then 

it(r)+pr<5<it(r)+pr. 

But, from Proposition 13.81 we have 

-in- l)b - cr,+ - cr,- < ^^^^(r) < gl^l{T) <{n- 1)6 + cr,+ + cr,- 

So 

(n - l){w -b)- 2cr,- < g < {n - l){w + b) + 2cr,+. 
It's clear that cr,+ < c+, and cr,- < c_. This shows that, if g is the quantum degree 
of any non-vanishing homogeneous element of H {Cn{B) , d^f) , then 

(n - l){w - 6) - 2c_ < 5 < (n - l){w + b) + 2c+. 

Thus, 

_ _ 5) - 2c_ < il(i?) < g^r^Um <{n-l){w + b) + 2c+. 

□ 

4. Transversal Knot Invariants {V'n} 

In this section, we use the usual notation for braid group. Denote by Bb the braid 
group of b strands, and crf^, • • • , cr^\ the standard generators of Bh, i.e., af^ permutes 
the i-th. and (z + l)-th strands with a (±)-crossing. Also, denote by (p the empty word, 
which is the identity of Bb- Two braids represent the same link if and only if one can 
be changed into the other by following operations: 

• Braid group relations generated by: (Jia^^ = (y^^Oi = (j), (Jidj = crjcri, when 
|i - j| > 1, and aiai+iai = ai+iaiai+i. 

• Conjugations: /i <->■ r]~^iJ,r], where fJ., f] £ Bb- 

• Stabilizations and destabilizations: 

f positive : fj. (g Bb) ^ fJ-ab (G Bb+i) 
\ negative : fi {e Bb) ^ fia^^ (g Bb+i) 

In W, Bennequin proved that any transversal link is transversally isotopic to a 
transversal braid. The following theorem from |lfl| I12j describes when two transversal 
braids are transversally isotopic. 

Theorem 4.1 (|in|ll2j). If two transversal braids are transversally isotopic, then one 
can be changed into the other by a finite sequence of braid group relations, conjugations 
and positive stabilizations and destabilizations. 

Let ;U be a closed braid with b strands, and T the resolution of /U so that each crossing 
of jjL is 0-resolved as shown in Figure El Then T consists of b concentric circles, and 

Hn{T) = (g)Q ^2 (g)Q • • • Ab, 

where Ai = [Q[xi]/ (x")]{— n + 1}, and degXj = 2 as before. Let w be the writhe of /x. 
It's clear that the standard isomorphism 

/ : Hn{T) ^ Hn{T){{n - l)w} (c d^/)). 
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has quantum degree (n — l)w, and maps HniT) into cohomological degree 0. Then 
the element 

99„(/u) = /(4-i®---(g)x;;-^) 

has quantum degree (n — l){w + b) and cohomological degree 0. 

Proposition 4.2. ifnilj) is a cocycle in the chain complex {H {Cn{f^) , dmf) , dy.) . And, 
up to multiplication by a non-vanishing scalar, its cohomology class [ipn{lj)] € Hn{lj) = 
H{H{Cn{f^),dmf),dy.) is invariant under braid group relations, conjugations and neg- 
ative stabilizations and destabilizations. 

Proof. For a negative crossing ? of fi, denote by the resolution of /u obtained by 
1-resolving <j and 0-resolving all other crossings. One can easily see that 

d^{Hn{T){{n - l)w}) C 0/7„(r,){(n - l)w - 1} C H {Cn{f^) , dmf) , 

where ? runs through all negative crossings of fi. From the second part of Lemma 111 71 
we know that the maximal quantum degree of a non-vanishing homogeneous element 
of i/„(r^){(n —l)w — l} is {n — l)(w + b) — 2. But d^^ preserves the quantum grading. 
So d^lifnifJ')) is a homogeneous element of degree (n — l){w + b). This implies that 
dxiVnifJ-)) = 0, and, hence, <^n(M) is a cocycle. 

Next, we prove the invariance of under the local moves depicted in Figure 

111! which implies the second part of the proposition. 




Mo Ml 

Figure 11. Local moves 

Remark 4.3. All together, there are 6 braidlike Reidemeister type 3 local moves to 
deal with. These correspond to the 6 possible ordering of the three branches involved. 
But each of the other 5 braidlike Reidemeister type 3 local moves is related to move (iii) 
by braidlike Reidemeister type 2 local moves. So we only need to prove the invariance 
under move (iii) here. 
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Figure 12. Local diagrams related to move (i) 

Invariance under move (i). Consider the planar diagrams in Figure IT21 
The local complex associated to fiQ is 

^ i/„(r) ^ 0. 

And the local complex associated to ni is 

^ i^„(ro){l -n}^ H„.(Ti){-n} ^ 0. 

Note that i/„(ro) = Hn{T) ® A3, where A3 = Mx3]/{x^)]{-n + 1}, and degxs = 2. 
There is a homomorphism A3 Q of degree 1 — n given by 

g/^i) = / 1' if j =n - 1; 
^ I 0' otherwise. 

This induces a quantum degree preserving homomorphism e : Hn{To){l—n} Hn{T), 
which, in turn, induces a bi-degree preserving homomorphism of complexes 

^ Hn{To){l-n} ^ Hn{ri){-n} ^ 
i i 

^ i/„(r) ^ 

It's clear that this chain map maps ipnifJ-i) to ^pn{no)- And, from Section 8 of [Jj, 
we know that this chain map induces (a non-zero multiple of) the standard isomor- 
phism from Hn{ni) to Hn{^io)- Thus, is invariant under local move (i) up to 
multiplication by non- vanishing scalar. 

Invariance under moves (iia) and (iife). The proofs for these two moves are almost 
identical. So we only prove the invariance under move (iia). 

Consider the planar diagrams in Figure 

The local complex associated to is 

^ i/„(roo) ^ 0. 

And the local complex associated to /xi is 

^ Hn{Tm)m ^ i^n(roo) e Hn{Tii) ^ i7„(rio){-l} ^ 0. 

Let 

vrii : /f„(roo) © i^„(rii) ^ Hn{Tii) 
be the natural projection. Consider the quantum degree preserving homomorphisms 

/i = vrii o : Hn{Tm){l} ^ i^„(rii) 

and 

/2 = rfxUn(rii) : -f^n(rii) i/„(rio){-i}. 
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Figure 13. Local diagrams related to move (iia) 

Note that 

Hn(Tu) = ^n(r){l} e HniT){-l}. 

Let 

/lO : F„(roi){l} ^ Hn{r){l} and /21 : i^n(r){-l} ^ /7„(rio){-l} 

be the obvious maps induced by /i, /2 and the above isomorphism. Note that Lqi and 
Lio are isotopic to F. In Section 8 of [7], M. Khovanov and L. Rozansky showed that 
/lo and /21 are non-zero multiples of the natural isomorphisms 

^n(Foi){l} ^ ^n(F){l} and Hn{T){-l} ^ F„(Fio){-l}. 
Define submodule A C //n(Foo) e /?n(F){-l} C i?„(Foo) i?„(Fii) by 

^ = {(a, -/a"/ o (ix(a))| a £ i/n(Foo)}, 
and submodule B C i7n(Foo) © ^^n(Fii) by 

Then 

F„(Foo) © ^n(Fii) =AeBe Hn{T){-l}. 

It's easy to see that /21 = d^\Hn{r){-i}- Thus, the local complex associated to /ii 
splits into the direct sum of the following chain complexes 

^ A ^ 0, 

^ F„(Foi){l}} ^ S ^ 0, 

^ ^n(r){-l} ^ //„(Fio){-l} ^ 0. 

The second and third chain complexes give rise to trivial cohomologies. And the 
standard isomorphism from HnifJ-o) to HnifJ-i) is induced by (a non-zero scalar multiple 
of) the isomorphism of chain complexes 

F : [0 ^ HniToo) ^ 0] ^ [0 ^ ^ ^ 0] 
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given by 

F{a) = {a,-f^,'od^{a)). 

Since d^{Lpn{no)) = 0, it's easy to see that F{Lpn{fio)) = 95n(/^i)- Thus, [(/9„(/u)] is 
invariant under local move (iia) up to multiplication by non- vanishing scalar. 
Invariance under moves (iii). The proof in |2i of the invariance of Hn under move 
(iii) is much more complex than that under moves (i) and (ii). But, if we first use D. 
Bar-Natan's algebraic trick in to reformulate the description of the isomorphism 
of cohomologies, then it is quite easy to establish the invariance of [(/3„(;u)] under this 
move. 





Figure 14. Local diagrams related to move (iii) 

Consider the partially resolved planar diagrams in Figure ITU We extend the defini- 
tion of the (double) chain complex (C^, dmf, d^) to these diagrams. Then, for i = 0, 1, 
the chain complex {H{Cn{fJ'i),dmf),dy.) is the mapping cone of the chain map 

Xil ■ {H{Cn(Xii),dmf),d^) {H{Cn(Xio),dmf),d^), 

In) 

where xn is induced by the Xi -map associated to the wide edge in Pji. Note that Too 
and Fio are the same diagram, which we denote by F. Although formulated differently 
in [Jj, M. Khovanov and L. Rozansky actually constructed a chain complex C which is 
a strong deformation retract of both (//(C„(Foi), dmf),d^) and (H{Cn{^ii),dmf), d^) 
with corresponding inclusion maps 

Fi : e:^ (F(C„(F,i),d^/),d^), i = 0,l, 

so that xoi ° Fq = xii ° Fi as homomorphisms from ^ to {H{Cn(r),dmf), d^). Thus, 
the following squares commute: 

{H{Cn{Too).draf),d^) ^ {H {Cn{T) , d^f) , d^) ^ {H (CniTw) , d^f) , d^) 

xoi T X T xii T 

iH{Cn{ro^),d^f),d^) 3l C ^ {H{Cn{rn),d^f),d^) 

where id is the natural identity homomorphism, and x = Xoi ° Fq = xu ° Fi. 
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By Lemma 4.5 of pQ, for i = 0,1, the maps id and Fi induce an isomorphism J^i 
from Hn{fJ-i) to the cohomology of the mapping cones oi x '■ ^ iH{Cn(r), dmf),d^). 
Then the isomorphism 

T = J^f ^ o To : Hnifio) i/„(/xi) 
is (a multiple of) the standard isomorphism. It's clear that 

(^(/Xo) e H{Cn{Too),drnf) C H{Cn{^J.o),djnf), 
G H{Cn{Tio),dmf) C i?(C„(/Xi),dm/), 

and 

id((/?(/io)) = ip{fJ-i), 

where id : H {Cn(r oo), dmf) H{Cn(rio),dmf) is the natural identity homomor- 
phism. This implies that 

which shows that [(/9„(;u)] is invariant under local move (iii) up to multiplication by 
non- vanishing scalar. □ 

Let L be a transversal link in the standard contact S^. We transversally isotope it 
into a transversal braid. 

Definition 4.4. i/j^iL) = [^PniL)] G Hn(L). 

Proof of Theorem M.,'^ From Theorem 14.11 and Proposition 14. 2[ we know that, up to 
multiplication by non-zero scalar, ipniL) is independent of the transversal braid repre- 
sentation, and is therefore invariant under transversal isotopy. From the construction 
of ipn{L) = \(pn{L)], it's clear that it has cohomological degree and quantum de- 
gree (n — l){—w + b) = — (n — l)s/(L), where w is the writhe of L, and h is the 
number of strands of L. Compare our construction with that by Plamenevskaya 
in JJ. One easily sees that "02 (-^) is identified with ip{L) under the isomorphism 
H2(L)?^n{L)®zQ- □ 

Next we generalize Plamenevskaya's result about quasi-positive transversal braids, 
which completes the proof of Corollarv 11.61 

Proposition 4.5 (Compare Theorem 4 of |llp. Let ^ & Bb be a closed braid, and 
n' = ^(T^^ , where 1 < i <b — 1. Then there is a homomorphism f : Hn{fJ'') — > Hn{n) 
of quantum degree n — 1 such that fii^nifJ-')]) = [^nifJ-)]- Specially, this implies that 
the ipn invariant of a quasi-positive transversal braid is non-vanishing. 

Proof. The local chain complex associated to in {Hn{fi' , d^f) , d^) is 

^ Hn{ro){l -n}^ Hn{ri){-n} ^ 0. 

And the corresponding local complex in {Hn{n,dmf),d^) is 

^ HniTo) ^ 0. 

The identity map of Hn{To) induces a local chain map of quantum degree n — 1: 

^ Hn{To){l-n} ^ Hn{Ti){-n} ^ 

i i 
^ Hn{To) ^ 
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)( 

To Ti 

Figure 15. Diagrams Tq and Fi 

Let / : — > Hn{^i) be the homomorphism induced by the above local chain map. 
It's clear that /([v'n (/"')]) = VPn{^J)]■ 

Now let L be a quasi-positive transversal braid of b strands, i.e., L is represented 
by a braid word of the form 

u = fiiai^fx^^ ■ ■ ■ fikai^fJ.'k^- 
Then L is represented by the word 

where Jij is the mirror image of fij. From the first half of the proposition and the 
invariance of [(fn], we know that there is a homomorphism F : Hn{L) Hni4') 
such that F{[ipn{T')]) = [(pni4>)] / 0, where (p is the empty word in b strands. Thus, 

ML) = [Mt^)] ^0. □ 

Some other properties of Plamenevskaya's ip invariant generalize to ipn too. For 
example: 

Proposition 4.6 (Compare Proposition 3 of JJ). Let fi € Bf, be a braid with b 
strands. If there is an i G {1, ■ ■ ■ ,b — 1} such that ai occurs in the word n, but 
does not, then = 0, V n > 2. Specially, if a transversal link L is a transversal 

stabilization of another transversal link, then ipniL) = 0, V n > 2. 

Proof. Fix a crossing Cj in Let r_i be the resolution of /u obtained by 1-resolving Cj 
and 0-resolving all other crossings, and Fq the resolution of fi obtained by 0-resolving 
all the crossings. For a negative crossing of fi, let F^ be the resolution of fi obtained 
by 1-resolving Uj, ? and 0-resolving all other crossings. Since fi does not contain c^^ , 
F^ is a resolved closed braid of the form TjTj, where j 7^ i. Then, in the chain complex 
{H{Cnin),drnf),d^), wc have 

a!^(i7„(F_i){(n - l)w + 1}) C F„(Fo){(n - l)w} 0(0 Hn{T,){{n - l)w}), 

where w is the writhe of /i, and ? runs through all negative crossings of fi. Let 
TTo : F„(Fo){(n - l)w} 0(0 //„(F,){(n - l)w}) ^ /7„(Fo){(n - l)vu} 

be the natural projection. Then it's clear that 

TTood^ = Xi- HniT-i){{n - l)w + 1} ^ ^n(ro){(n - l)w}, 
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where xi is induced by the Xi -map related to the crossing cjj. From Proposition 29 of 
[7], we know that there is a non-zero homogeneous element t] G ff„(r„i){(n — l)w+ 1} 
of quantum degree (n — l){w + b) such that xiiv) = ^nifJ-) S Hn(TQ){{n — l)w}. By 

(I) and (2) of Lemma [3.71 we have that gmaxiX^;) = (n — 1)6 — 2 for any negative 
crossing <j of So the maximal quantum degree of a non-zero homogeneous element 
of ff„(r^){(n — l)w} is (n — + b) — 2. Since preserves the quantum degree, 
the projection of dy.{r]) onto Hn{T^){{n — l)w} is zero for any negative crossing <f of 
fj.. This implies that d^{r]) = (pnifJ-)- Thus, ^nifJ-) is a coboundary, and [ipn{fJ.)] = 0. 

If L is a transversal stabilization of another transversal link, then there is a 6 > 2, 
such that L is transversally isotopic to a transversal braid given by a braid word 
fi G Bb, where fi contains one cr^-i (Th-i- Therefore, ipn{L) = [(pniV-)] =0. □ 
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